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1. Introduction
A coherent configuration X on a finite set Ω can be thought as a special partition of Ω×Ω
for which the diagonal 1Ω of Ω×Ω is a union of classes. The number |Ω| is called the degree
of X . If the diagonal is exactly a class of the partition then X is an association scheme.
The notion of a coherent configuration goes back to Higman who studied permutation
groups via analyzing invariant binary relations [2] and Weisfeiler and Leman who dealt with
isomorphisms of graphs [5]. For more details on coherent configurations we refer the readers
to [1].
There are two crucial properties of coherent configurations, namely, schurity and sep-
arability. A coherent configuration is called schurian if all its classes are 2-orbits of its
automorphism group. A coherent configuration is called separable if every algebraic isomor-
phism form this coherent configuration to another one is induced by an isomorphism. Each
separable coherent configuration is determined up to isomorphism only by the tensor of its
intersection numbers. The problems of determining whether a given coherent configuration
is schurian and determining whether a given coherent configuration is separable are among
the most fundamental problems in the theory of coherent configurations.
Actually, there are a lot of infinite families of non-schurian non-separable coherent config-
urations. Several number of infinite families of schurian separable coherent configurations
are known (see [1]). Infinite families of schurian non-separable coherent configurations arise
from finite affine and projective planes [1, Sections 2.5.1-2.5.2]. However, no infinite families
of non-schurian separable coherent configurations were known before. The next question
was asked, in fact, in [1, p. 65].
Question. Whether there exists an infinite family of non-schurian separable coherent con-
figurations?
We give an affirmative answer to this question. More precisely, we prove the following
theorem.
Theorem 1. For every prime p ≥ 5, there exists a non-schurian association scheme of
degree 4p2 which is separable.
The work is supported by Russian Scientific Fund (project No. 19-11-00039).
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Throughout the paper we freely use basic facts concerned with coherent configurations
and S-rings. For a background of coherent configurations and S-rings, we refer the readers
to the monograph [1] and the paper [4] respectively where necessary statements, definitions,
and notations are contained. Given an association scheme X , the set of all parabolics of
X = (Ω, S), the thin radical, and the thin radical parabolic are denoted by E(X ), S1(X ),
and e1(X ) respectively. Given e ∈ E(X ), the set of all classes of e is denoted by Ω/e. If
s ⊆ Ω2 and α ∈ Ω then put αs = {β ∈ Ω : (α, β) ∈ s} and s∗ = {(β, α) : (α, β) ∈ s}.
If s ∈ S then the valency of s is denoted by ns. If ϕ is an algebraic isomorphism from X ,
s = s1 ∪ . . . ∪ sk, where si ∈ S for every i, and T ⊆ S then put s
ϕ = sϕ1 ∪ . . . ∪ s
ϕ
k and
T ϕ = {tϕ : t ∈ T}. The cyclic group of order n is denoted by Cn.
2. Construction
Let p ≥ 5 be a prime and G = H × P , where H ∼= C2 × C2 and P ∼= Cp × Cp. Let a1,
a2, and a3 be nontrivial elements of H and P1, P2, P3 pairwise distinct subgroups of P of
order p. Put X1 = P1a1, X2 = P2a2, X3 = P3a3,
S = {{g}, X1g, X2g, X3g : g ∈ P}, and A = SpanZ{X : X ∈ S},
where X =
∑
x∈X x. Clearly, S is a partition of G such that {1G} ∈ S and S
−1 = S, where
1G is the identity of G, S
−1 = {X−1 : X ∈ S}, and X−1 = {x−1 : x ∈ X}. Let X, Y ∈ S.
If |X| = 1 or |Y | = 1 then XY ∈ S. If |X| = |Y | = p then XY ⊆ P or XY is a P -coset. In
both cases XY ∈ A. Therefore, A is an S-ring over G.
From the definition of A it follows that P is an A-subgroup, AP = ZP , and AG/P =
Z(G/P ). Since G is abelian, A is commutative. One can see that Xi = X
−1
i for every i ∈ I,
where I = {1, 2, 3}, because Xi contains an element of order 2. The definition of A yields
that if i, j ∈ I, i 6= j, Yi = Xigi, Yj = Xjgj for some gi, gj ∈ P , and Y ∈ S then
cYYiYj > 0 if and only if Y = Xkgk for k ∈ I \ {i, j} and some gk ∈ P.
Let S = {r(X) : X ∈ S}, where r(X) = {(g, xg) : x ∈ X, g ∈ G}. From [1,
Theorem 2.4.16] it follows that X = (G, S) is a Cayley scheme over G.
Since X is a Cayley scheme over an abelian group, X is commutative. Let i ∈ I. Put
ri = r(Xi), ei = r(Pi), and Ei = {s ∈ S : s ⊆ ei}.
Clearly, ei ∈ E(X ). Since Xi = X
−1
i , we conclude that ri = r
∗
i . Also nri = p and |∆| = p for
every ∆ ∈ G/ei. One can see that rad(ri) = ei. Note that Ei forms the group isomorphic
to Cp with respect to composition. If i 6= j then Ei ∩ Ej = {1Ω}. Put also
e = r(P ) and E = {s ∈ S : s ⊆ e}.
It is easy to see that e = e1(X ), |Ω/e| = 4, E = S1(X ), and Ei ⊆ E for every i ∈ I.
Observe that E forms the group isomorphic to Cp×Cp with respect to composition. By the
definition of X , if i, j ∈ I, i 6= j, ti = riui, tj = rjuj for some ui, uj ∈ E, and t ∈ S then
cttitj > 0 if and only if t = rkuk for k ∈ I \ {i, j} and some uk ∈ E.
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3. Proof of Theorem 1
We start with an auxiliary lemma which will be used in the proof of Theorem 1.
Lemma 1. Let Y = (Ω, R) be an association scheme, e ∈ E(Y) with e ⊆ e1(Y), and
f ∈ Aut(Y). Suppose that for every ∆ ∈ Ω/e there exists δ ∈ ∆ with δf = δ. Then f = idΩ.
Proof. Let us prove that αf = α for every α ∈ Ω. Suppose that ∆ is the class of e containing
α. By the condition of the lemma, there exists δ ∈ ∆ with δf = δ. Let r ∈ R with (δ, α) ∈ r.
Note that rf = r because f ∈ Aut(Y). So (δf , αf) = (δ, αf ) ∈ r. Since δ and α belong
to the same class of e, the pair (δ, α) belongs to e. Therefore r ⊆ e and hence nr = 1.
This implies that αf = α. Thus, f fixes every point from Ω, i.e. f = idΩ. The lemma is
proved. 
To prove Theorem 1, it is sufficient to prove that the Cayley scheme X constructed in
the previous section is non-schurian and separable.
Lemma 2. If X ′ is an association scheme algebraically isomorphic to X then the group
Aut(X ′) is regular.
Proof. Let X ′ = (Ω′, S ′) and ϕ an algebraic isomorphism from X to X ′. Put r′i = r
ϕ
i ,
e′i = e
ϕ
i , and E
′
i = E
ϕ
i for every i ∈ I. Put also e
′ = eϕ and E ′ = Eϕ. From the properties
of an algebraic isomorphism it follows that |Ω′| = 4p2, X ′ is a commutative association
scheme, e′ = e1(X
′), |Ω′/e′| = 4, and E ′ = S1(X
′). For every i ∈ I, we have that E ′i ⊆ E
′,
E ′i ∩ E
′
j = {1Ω′} whenever i 6= j, E
′
i forms the group isomorphic to Cp with respect to
composition, |∆′| = p for every ∆′ ∈ Ω′/e′i, (r
′
i)
∗ = r′i, nr′i = p, and rad(r
′
i) = e
′
i. The
properties of an algebraic isomorphism imply also that if i, j ∈ I, i 6= j, t′i = r
′
iu
′
i, t
′
j = r
′
ju
′
j
for some u′i, u
′
j ∈ E
′, and t′ ∈ S ′ then
ct
′
t′it
′
j
> 0 if and only if t′ = r′ku
′
k for k ∈ I \ {i, j} and some u
′
k ∈ E
′. (1)
Firstly show that Aut(X ′) is semiregular. Let ε ∈ Ω and f ∈ Aut(X ′) with εf = ε. Let
i ∈ I. Denote the class of e′i containing ε by ∆i. Suppose that αi ∈ εr
′
i and Λi is the class of
e′i containing αi. Due to the equality rad(r
′
i) = e
′
i, we conclude that ∆i ×Λi ⊆ r
′
i. Together
with the equalities nr′i = p and |Λi| = p, this yields that
εr′i = Λi. (2)
Let αfi = βi. Since ε
f = ε and (r′i)
f = r′i, Eq. (2) implies that βi ∈ Λi and hence (αi, βi) ∈ s
′
i
for some s′i ∈ E
′
i.
Let i, j ∈ I and i 6= j. The pair (αi, αj) belongs to (r
′
i)
∗r′j = r
′
ir
′
j because (ε, αi) ∈ r
′
i and
(ε, αj) ∈ r
′
j. So (αi, αj) ∈ r
′
ku
′ for k ∈ I \ {i, j} and some u′ ∈ E ′ by Eq. (1). The relation
r′ku
′ is a basis relation of X ′ and hence (r′ku
′)f = r′ku
′. This implies that
(βi, βj) ∈ r
′
ku
′. (3)
On the other hand,
(βi, βj) ∈ (s
′
i)
∗r′ku
′s′j (4)
because (αi, βi) ∈ s
′
i, (αi, αj) ∈ r
′
ku
′, and (αj, βj) ∈ s
′
j . The relation (s
′
i)
∗r′ku
′s′j is basis
because each of the relations (s′i)
∗, r′ku
′, s′j is basis and n(s′i)∗ = ns′j = 1. Therefore from
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Eqs. (3) and (4) it follows that r′ku
′ = (s′i)
∗r′ku
′s′j. Since X
′ is commutative, this implies
that (s′i)
∗s′j ⊆ rad(r
′
k) = e
′
k or, equivalently,
(s′i)
∗s′j ∈ E
′
k. (5)
Assume that s′i 6= 1Ω′ for every i ∈ I. Then for every i ∈ I we have E
′
i = 〈s
′
i〉 because
E ′i
∼= Cp. So Eq. (5) yields that
(s′1)
∗s′2 = (s
′
3)
l, (s′2)
∗s′3 = (s
′
1)
m, and (s′3)
∗s′1 = (s
′
2)
n
for some l, m, n ∈ {0, . . . , p− 1}. The above equalities imply that (s′1)
m+1 = (s′3)
−l+1 ∈ E ′3
and (s′1)
m−1 = (s′2)
−n−1 ∈ E ′2. Since E
′
1 ∩ E
′
2 = E
′
1 ∩ E
′
3 = {1Ω′}, we obtain that (s
′
1)
m+1 =
(s′1)
m−1 = 1Ω′. So (s
′
1)
2 = 1Ω′. This means that s
′
1 = 1Ω′ because E
′
1
∼= Cp and p ≥ 5, a
contradiction with the assumption. Thus, there exists i ∈ I such that s′i = 1Ω′. Due to
Eq. (5), we have s′j ∈ E
′
k and s
′
k ∈ E
′
j , where {j, k} = I \{i}. Together with E
′
j∩E
′
k = {1Ω′}
and s′i = 1Ω′, this yields that
s′1 = s
′
2 = s
′
3 = 1Ω′. (6)
In view of Eq. (6), we obtain that αi = βi = α
f
i for every i ∈ I. Note that ε and αi belong
to distinct classes of e′ by the choice of αi for every i ∈ I. Also α1, α2, and α3 belong to
pairwise distinct classes of e′ because otherwise ct
′
r′ir
′
j
> 0 for some i, j ∈ I and t′ ∈ E ′ which
contradicts to Eq. (1). Since |Ω′/e′| = 4, the automorphism f fixes at least one point in
every class of e′. Therefore f = idΩ′ by Lemma 1. Thus, the stabilizer Aut(X
′)ε is trivial
for every ε ∈ Ω′ and hence Aut(X ′) is semiregular. In particular,
|Aut(X ′)| ≤ 4p2. (7)
Now let us show that
|Aut(X ′)| ≥ 4p2. (8)
For every i ∈ I, put
r′′i =
⋃
s′∈E′
s′r′i.
Define the partitions of Ω′ × Ω′ in the following way:
S ′i = {s
′, s′r′j, s
′r′k, r
′′
i : s
′ ∈ E ′}, where i ∈ I and j, k ∈ I \ {i},
S ′ij = {s
′, s′r′k, r
′′
i , r
′′
j : s
′ ∈ E ′}, where (i, j) ∈ J = {(1, 2), (1, 3), (2, 3)} and k ∈ I \ {i, j},
S ′0 = {s
′, r′′1 , r
′′
2 , r
′′
3 : s
′ ∈ E ′}.
One can check directly that each of the above partitions defines an association scheme on
Ω′. Put X ′i = (Ω
′, S ′i) and X
′
jk = (Ω
′, S ′jk), where i ∈ I ∪ {0} and (j, k) ∈ J . From the
definitions it follows that: (1) X ′i ≤ X
′ for every i ∈ I; (2) X ′ij ≤ X
′
i and X
′
ij ≤ X
′
j for every
(i, j) ∈ J ; (3) X ′0 ≤ X
′
ij for every (i, j) ∈ J . So
Aut(X ′i ) ≥ Aut(X
′) for every i ∈ I, (9)
Aut(X ′0) ≥ Aut(X
′
ij) for every (i, j) ∈ J. (10)
The straightforward check shows that
Aut(X ′) = Aut(X ′i ) ∩ Aut(X
′
j) (11)
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for every i, j ∈ I and
Aut(X ′i ) = Aut(X
′
jk) ∩ Aut(X
′
lm) (12)
for every i ∈ I and every (j, k), (l, m) ∈ J with {j, k} ∩ {l, m} = {i}.
Let i ∈ {1, 2, 3}. The association scheme X ′i is isomorphic to the tensor product of two
association schemes each of which is the wreath product of two regular association schemes
of degrees p and 2 (see [1, Section 3.2.2] and [1, Section 3.4.1] for the definitions of the
tensor and wreath products of association schemes respectively). This implies that the
group Aut(X ′i ) is the direct product of two permutation groups each of which is the wreath
product of two regular groups of degrees p and 2 and hence
|Aut(X ′i )| = 4p
4. (13)
The association scheme X ′0 is the wreath product of two regular association schemes of
degrees p2 and 4. This yields that the group Aut(X ′0) is the wreath product of two regular
groups of degrees p2 and 4 and hence
|Aut(X ′0)| = 4p
8. (14)
From Eqs. (10), (12), (13), and (14) it follows that
|Aut(X ′12)||Aut(X
′
13)| ≤ |Aut(X
′
1)||Aut(X
′
0)| = 16p
12.
This implies that at least one of the numbers |Aut(X ′12)|, |Aut(X
′
13)| does not exceed 4p
6.
Without loss of generality, let
|Aut(X ′12)| ≤ 4p
6. (15)
Now in view of Eqs. (9), (11), (13), and (15), we conclude that
|Aut(X ′)| ≥ |Aut(X ′1)||Aut(X
′
2)|/|Aut(X
′
12)| ≥ 4p
2.
Thus, Eq (8) holds. Together with Eq. (7), this yields that |Aut(X ′)| = 4p2. Since Aut(X ′)
is semiregular, we obtain that Aut(X ′) is regular. The lemma is proved. 
From Lemma 2 it follows that Aut(X ) is regular. In particular, |Aut(X )| = 4p2. On the
other hand, |r1| = |r2| = |r3| = |G||nr1| = 4p
3. So S does not coincide with the set of all
2-orbits of the group Aut(X ) and hence X is non-schurian.
Let X ′ = (Ω′, S ′) be an association scheme and ϕ an algebraic isomorphism from X to X ′.
Lemma 2 implies that Aut(X ′) is regular. So we may assume that X ′ is a Cayley scheme
over a group G′ of order 4p2.
Let S ′ = {X(s′) : s′ ∈ S ′}, where X(s′) = {x′ ∈ G′ : (1G′, x
′) ∈ s′} and 1G′ is the
identity of G′. From [1, Theorem 2.4.16] it follows that the partition S ′ defines the S-ring
A′ over G′. The bijecton ψ from S to S ′ defined by the equality
Xψ = X(rϕ(X))
is an algebraic isomorphism from A to A′ in the sense of [4]. To prove that ϕ is induced
by an isomorphism from X to X ′, it is sufficient to prove that ψ is induced by a Cayley
isomorphism from A to A′, i.e by a group isomorphism f from G to G′ with Sf = S ′, where
Sf = {Xf : X ∈ S}. This follows from the next lemma.
Lemma 3. In the above notations, G′ ∼= C2p×C2p ∼= G and ψ is induced by a unique Cayley
isomorphism.
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Proof. The properties of an algebraic isomorphism imply that P ′ = P ψ is an A′-subgroup of
order p2. Since p ≥ 5, the third Sylow theorem yields that P ′ is the unique Sylow p-subgroup
of G′. So P ′ is normal in G′.
The algebraic isomorphism ψ induces the algebraic isomorphisms from AP to A
′
P ′ and
from AG/P to A
′
G′/P ′ . Since AP = ZP and AG/P = Z(G/P ), the properties of an algebraic
isomorphism yield that AP ′ = ZP
′ and AG′/P ′ = Z(G
′/P ′). Now from [1, Corollary 2.3.34]
it follows that
P ′ ∼= P ∼= Cp × Cp, G
′/P ′ ∼= G/P ∼= C2 × C2. (16)
All groups of order 4p2, where p ≥ 5, are listed in [3, Section IV]. In view of this list and
Eq. (16), we obtain that G′ can be isomorphic to one of the following groups:
C2p × C2p, C2p ×D2p, D2p ×D2p, (C
2
p ⋊ C2)× C2,
where D2p is the dihedral group of order 2p and a nontrivial element of C2 inverts every
element of C2p in the latter group.
Given an integer m and T ′ ⊆ G′, denote the number of elements of order m in T ′
by km(T
′). For every i ∈ I, put X ′i = X
ψ
i . By the properties of an algebraic isomor-
phism, we have |X ′i| = |Xi| = p. Note that Y
′ 6= (Y ′)−1 for every Y ′ ∈ S(A′) with Y ′ /∈
{{1G′}, X
′
1, X
′
2, X
′
3} because Y 6= Y
−1 for every Y ∈ S(A) with Y /∈ {{1G}, X1, X2, X3}. So
there are no elements of order 2 in G′ outside X ′1 ∪X
′
2 ∪X
′
3. This means that
k2(G
′) = k2(X
′
1 ∪X
′
2 ∪X
′
3) ≤ 3p. (17)
If G′ ∼= D2p ×D2p or G
′ ∼= (C2p ⋊ C2)×C2 then k2(G
′) ≥ p2, a contradiction with Eq. (17).
Therefore, G′ ∼= C2p × C2p or G
′ ∼= C2p ×D2p.
Assume that G′ ∼= C2p ×D2p. Then
k2(G
′) = 2p+ 1. (18)
Let i ∈ I. The set X ′i lies outside P
′ and hence
kp(X
′
i) = 0. (19)
Put Ui = 〈Xi〉 and U
′
i = U
ψ
i . The properties of an algebraic isomorphism yield that
U ′i = 〈X
′
i〉 and |U
′
i | = |Ui| = 2p. So U
′
i
∼= C2p or U
′
i
∼= D2p. In the former case k2(X
′
i) ≤ 1. In
the latter case due to Eq. (19), we conclude that k2(X
′
i) = |Xi| = p. Together with Eqs. (17)
and (18), this implies that there exist j, l ∈ I with k2(X
′
j) = k2(X
′
l) = p. Therefore
U ′j
∼= U ′l
∼= D2p. (20)
Note that |Uj ∩ Ul| = 1. So
|U ′j ∩ U
′
l | = 1 (21)
by the properties of an algebraic isomorphism. However, Eqs. (20) and (21) can not hold
simultaneously in the group isomorphic to C2p×D2p, a contradiction. Thus, G
′ ∼= C2p×C2p ∼=
G.
Let i ∈ I. The set Xi is a coset by an A-subgroup Pi of order p. So X
′
i is a coset by
an A′-subgroup P ′i = P
ψ
i of order p by the properties of an algebraic isomorphism. Since
U ′i
∼= C2p, we conclude that X
′
i must contain a unique element of order 2. Denote this
element by a′i. Clearly, X
′
i = P
′
ia
′
i and U
′
i = P
′
i × 〈a
′
i〉.
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Let f0 be a bijection from P to P
′ such that {g}ψ = {gf0} for every g ∈ P . Prove that
f0 is an isomorphism from P to P
′. Let x, y ∈ P . Clearly, c
{xy}
{x}{y} = 1. Since ψ is an
algebraic isomorphism, we conclude that c
{(xy)f0}
{xf0}{yf0}
= c
{xy}ψ
{x}ψ{y}ψ
= c
{xy}
{x}{y} = 1. This implies
that (xy)f0 = xf0yf0 and we are done.
Let f be an isomorphism from G to G′ defined as follows:
fP = f0, a
f
i = a
′
i for every i ∈ {1, 2, 3}.
Let us prove that Xf = Xψ for every X ∈ S(A). If X ⊆ P then X = {g} for some g ∈ P
and Xf = Xf0 = {gf0} = {g}ψ = Xψ. If X = Xi for some i ∈ {1, 2, 3} then
Xf = (Piai)
f = P f0i a
′
i = P
ψ
i a
′
i = P
′
ia
′
i = X
′
i = X
ψ.
It remains to consider the case when X = Xig for some i ∈ {1, 2, 3} and g ∈ P . In this case
X is the unique basic set of A such that cXXi{g} > 0. So X
ψ is the unique basic set of A′
such that cX
ψ
Xψi {g}
ψ
> 0. This implies that Xψ = Xψi {g}
ψ = Xfi g
f = Xf as required. Thus,
f induces ψ.
Let f ′ be a Cayley isomorphism from A to A′ which induces ψ. Then f ′f−1 ∈ Aut(X ) ∩
Aut(G). Since Aut(X ) is regular by Lemma 2, we conclude that f ′f−1 is trivial and hence
f ′ = f . The lemma is proved. 
We proved that ψ is induced by a Cayley isomorphism. So ϕ is induced by an isomorphism.
Thus, every algebraic isomorphism from X is induced by an isomorphism, i.e. X is separable.
Theorem 1 is proved.
The author would like to thank prof. I. Ponomarenko for drawing his attention to the
problem.
References
1. G. Chen, I. Ponomarenko, Coherent configurations, Central China Normal University Press, Wuhan
(2019).
2. D. Higman, Coherent configurations. I, Rend. Sem. Mat. Univ. Padova, 44 (1970), 1–25.
3. J.E. Ilams, On difference sets in groups of order 4p2, J. Comb. Theory Ser. A., 72 (1995), 256–276.
4. G. Ryabov, On separability of Schur rings over abelian p-groups, Algebra and Logic, 57, No. 1 (2018),
49-68.
5. B. Weisfeiler, A. Leman, Reduction of a graph to a canonical form and an algebra which appears in
the process, NTI, 2, No. 9 (1968), 12–16.
Sobolev Institute of Mathematics, Novosibirsk, Russia
Novosibirsk State University, Novosibirsk, Russia
E-mail address : gric2ryabov@gmail.com
